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Abstract 

AfRne analogue of Jack's polynomials introduced by Etingof and 
Kirillov Jr. is studied for the case of s^. Using the Wakimoto repre- 
sentation, we give an integral formula of elliptic Selberg type for the 
afline Jack's polynomials. From this integral formula, the action of 
SL2{'Z) on the space of the afline Jack's polynomials is computed. For 
simple cases, we write down the afhne Jack's polynomials in terms of 
some modular and elliptic functions. 
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1 Introduction 

In recent years, beautiful connections between the theory of symmetric func- 
tions and other branches of mathematics and physics have been studied. 
Those branches include q'-deformed spherical functions [M1][N], quantum- 
many body problems e.g the Calogero-Moser-Sutherland models (sec [CMS] 
and references therein), representation theory of affine Hecke algebras [C] 
and representation theory of Lie algebras and quantum groups [EK] . Among 
many symmetric functions, Macdonald's polynomials and Jack's polynomials 
[M2] have attracted so much attention which revealed the rich mathematical 
structure behind them. 

In their theory connecting those polynomials to the representation theory 
of Lie algebras and quantum groups, P. Etingof and A. Kirillov Jr. intro- 
duced an affine analogue of Jack's symmetric functions. These functions are 
called affine Jack's polynomials even though they are not polynomials but 
a generalization of characters of affine Lie algebras. They first introduced 
differential operators associated to affine root systems of type ^4^^^. They 
are an elliptic generalization of the Calogcro-Sutherland type haniiltonians 
except that they contain a term of dift'erentiation w.r.t the elliptic nome. 
The affine analogue of Jack's polynomial is labeled by the dominant in- 
tegral weight A and defined by two conditions: (1) it is an eigenfunction of 
the affine Calogero-Sutherland type operator with a certain eigenvalue, (2) 
its transition matrix w.r.t affine analogue of monomial symmetric functions 
is upper triangular. The very important property of this affine Jack's poly- 
nomials is that they can be given as traces of vertex operators over highest 
weight modules: Theorem 2.8. Two more of three important aspects of the 
affine Jack's polynomials can be seen from this property: 

(1) Affine analogue of Jack's symmetric functions. 

(2) One point functions of Conformal Field Theory on a torus. The dif- 
ferential operator is nothing but the Knizhnik-Zamolodchikov-Bernard 
heat operator. 

(3) Affine Jack's polynomials can be considered as a generalization of char- 
acters of affine Lie algebras. They form a basis of a space invariant 
under the action of 5L2(Z) 

The aim of this paper is to give explicit expressions for the affine Jack's 
polynomials itself and their modular transformation property in the case of 
sl2- In Section 3, we give an integral formula of the affine Jack's polynomials. 
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This formula is calculated by means of the Wakimoto representation of s[2- 
In Section 4, using this integral formula, we computed the action of SL2(Z) 
on the space of the affine Jack's polynomials. And this projective represen- 
tation of S'L2(Z) allows us to write down the affine Jack's polynomials in 
terms of some elliptic and modular functions in Section 5. Together with 
the integral formula given in Section 3, this gives some formulas for elliptic 
Selberg type integrals. 

In [FSVl], similar results arc given for some solutions of the Knizhnik- 
Zamolodchikov-Bernard heat equation. The main differences are that their 
approach is geometrical and not considering the affine Jack's polynomials 
specially. Also, during the preparation of this paper we found [FSV2] which 
gives a result similar to our result presented in Section 5. 

2 AfRne Analogue of Jack's Polynomials 

We fix our notations for sIn [Ka] and review the affine Jack's polynomials. 
See [EK] for the detail. In this section, we consider AT = 2, 3, 4 • • • . 

2.1 AfRne Lie algebras 

Let us fix the notation for sljv first. Let i) be the Cartan subalgebra and 
f)* be its dual. The standard invariant bilinear form on sIn is denoted by 
(■,■) and normalized so that the induced form on i)* satisfies (a, a) = 2 
for a root a. Let ai, . . . , a^-i be simple roots and the longest root be 9. 
Let R be the root system. Wc fix a polarization R = R'^ U R~ where R^ 
are the subsets of positive and negative roots respectively. We denote the 
fundamental weights by A, G t)* {i = 1, • • • ,N — 1). Weyl vector is given 
by P = Eill^^i- Let P = {A G f)*|(A,a,) G = ©^ZAj be the weight 
lattice and P+ = {A G f)*|(A, a^) G Z+j = 0^ Z+Aj be the cone of dominant 
weights. 

The affine Lie algebra sIn can be realized as an extension of a loop algebra: 

sIn = sIn <8) c[t, r'^] e Cc e Cd, 

[x (8) r, y (8) t""] = [x, y] (g) + n(5„ y)c, 
c is central, [d, x (g) f"] =nx®t^. 

We use the notation x[n] = x ® f^. Sometimes we use a smaller algebra 

si'^ = sijv ® c[t, r ^] e Cc. 
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Cartan subalgebra and its dual arc given by [) = f) © Cc © Cd, I)* = 
f)* © C(5 © CAq. The canonical pairing (•, •) between [) and f)* is given by 
(Ao, [)©Cd) = ((5, f)©Cc) = 0, {d, d) = 1, (Ao, c) = 1. Bilinear non-degenerate 
symmetric form on ^* is given by (Aq, 5) = 1, (Aq, f)*) = {S, f)*) = (Aq, Aq) = 
{5, 5) = 0. This pairing and the bilinear form coincide with those of sIn on 
t) and [}*. Let R = {a = a + n6\a £ R,n e Z or a = 0,n £ Z \ {0}} be 
the afiine root system. We fix the polarization by taking the set of positive 
roots as = {a = a + nS e R\n > or n = 0,a e Simple roots 

arc given by = —9 + 5,ai, . . . , ajsf-i- Let Q = ^ 'Zai be the affinc root 
lattice and = Q Z+ctj be the positive part. Let Aj (i = 0, • • • , — 1) be 
the fundamental weights where Aj = Aj + Aq for i = 1, ■ ■ ■ , N — 1. The affine 
weight lattice is given by P = P © Z5 © ZAq C t}* and the cone of dominant 
weights is P+ = {A € f}*\{\,a^) G = 0, ...,r}. For K e Z, we 

define P+ = {X + n6 + KAq \ X € P+} where P+ = {A G P+ | (A, 9) < K}. 
Affine Weyl vector is defined as p = X^o=i^ order in P by 

X< fL /i - A € Q+. 

Let C[P] = 0/^gzC[Px] be the group algebra of the weight lattice. We 
consider a completion: 



C[P] = ^C[Pk], 

K 

s.t. aj, = for (A, p) > N 



> . 



C[Pk] = <^ E 

This completion is chosen so to include the characters of the Verma modules 
(and more generally, modules from the category O) over sljy. Let A be the 

subalgebra of C[P] defined by 

^= fl w(c\P]^, Ak= f] w(c[P^]^. 

Let W be the affine Weyl group of sl^. One of the main objects of our study 
will be the algebra of VF-invariants . We introduce a formal variable 
p = e~^. Then every element of A can be written as a formal Laurent series 
in p with coefficients from C[P]. The following properties characterize A as 
the affine analogue of C[P]. 

Lemma 2.1. For any X G Pk, K >0 the orhitsum 
belongs to A^ . 
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Lemma 2.2. If M is a module from the category O then chM ^ A iff M is 
integrable, in which case chM G . In particular, the irreducible quotient 
chL^ eA^iffXe P+. 

Lemma 2.3. A^ = for K < 0, and Af = {En<no ane"''|a„ G c} . 

Theorem 2.4. For every K G the orhitsums tuxj^kKo-,^ € form a 
basis of A^ over the field C{{p)). 

We also need TZ which is an extension of A. Let us consider the algebra 
C[P](l-e")"^ obtained by adjoining to C[P] the inverse of the form (1 — e"): 

C[P](1 - e^r' = f,ge C[P], g = - e") for 7 C ^| . 

We have a morphism for every w eW: 

:C[P](l-e")-i^y;(qP]), 

oo 

(1 - e")-^ ^ J2 ^ ^ 

n=0 

Then TZ is given by 

^ = {ll«n I «n e C[P](1 - e^)-\ ^r^(a„) G «;(^qP]^ for "^w G 



2.2 Afflne Analogue of Jack's Polynomials 

Throughout this paper we consider parameters K and k (introduced below) 
as if G Z, keN. 

Let us introduce the following differential operators, which we consider 
formally as derivations of the algebra C[P]: 

Ae^ = (A, A)e^, 
d&e^ = {a,X)e^, a G f)*. 

If we use the notation p = e^^ and write elements of C[Pk] as functions of 
p with coefficients from C[P]: C[Pk] = e^^"C[p,p-^][P] then 

A = -2Kp^ + A„, 

da+nS = da + nK 
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where Ap, is the Laplace operator on f): 

A(,e^ = (A,A)e^, A G f)*. 

Let S = Yla&R+ ~ ^ ^® affine Weyl denominator. 

Definition 2.5. T/ie Calogero- Sutherland operator for the affine root 
system R is the differential operator which acts on TZk: 

Lk = A - 2Kp-^ - k(k - 1) y ,J a,a). (1) 

M^e mainly use the operator conjugated by the affine Weyl denominator: 
Mj, = 5-^o{Lk-k\p,p))o5'' (2) 

= A - 2^ ^ r^^" + (3) 

Definition 2.6. Affine Jack's polynomial J^, A G is the element of A^ 
defined by the following conditions: 

(1) = + ^A,a"^A' 

(2) MkJx = {X,X + 2kp)J'y 

Remark. We use the terminology 'polynomial' following [EK] even though it 
is not a polynomial but a theta function. 

We denote by an irreducible highest weight representation of the high- 
est weight \ £ P. Let V be the finite dimensional irreducible representation 
of sIn- The evaluation module based on V is defined as 

7ry(c)(aN) = C^^via), 
Try (c) (c) = 0, TTy (^) (d) = C ^ • 

Let S^^'^~^^C^ be a symmetric tensor of the vector representation of 
sIn- Let fi G P'^. A non-zero intertwiner of 

$ : L^^L^® (5^MC^)(C) (4) 

exists iff /i = A + (/c — l)p, A G P~^', if it exists, it is unique up to a constant. 
We will denote such an intertwiner by 4>c . 



Yuji Hara 



93 



Definition 2.7. 

^^ = ^enr|^.[^]($^). (5) 



It takes values in the weight zero subspace (5^('^-i)C^) [0]. This sub- 
space is one-dimensional and can be identified with C. This identification 
and the normalization of are so chosen that (p^ = e^+if<^-'^)p + • • • . Here- 
after we basically consider ip^ as a scalar function in this way. 

Theorem 2.8. 

(1) </'o = ^', 

(2) = ^. 

Prom this formula it is easy to see that Jx+^^g = Jx- 



Let us consider the following domain 

y = f) X C X 7^ 

where H is the upper half-plane: H = {r G C| Im r > 0}. Then every 
clement G C[P] can be considered as a function on Y as follows: if 
\ = \ + a5 + KKq then put 

Note that this in particular implies that p = is given by p = e^'^*^ . 

It is easy to sec that if / G C[P] then f{h,u,T -|- 1) = f{h,u,T), so we 
can as well consider / as a function of h, u, p, where p G C is such that 
< < 1. Note that / G C[Pk] fih,u,T) = e2'^^-^"/(/i, 0, r); in this 

case we say that / is a function of level K. 

Theorem 2.9. For every X G Pr, ^'^^ fx converge on Y . 

Now let us recall some facts about the modular group and its action. 
The modular group F = S'L2(Z) is generated by the elements 
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satisfying the defining relations {STf = S"^, S'^T = TS"^, S'^ = 1. This group 
acts in a natural way on Y as follows: 

a b\ . f h c{h, h) ar + b 

[h,u,T) = — - 



,c dj ^ ' ' ' \cT + d' 2{cT + dy CT + d) ' 
In particular, 

T{h,u,T) = {h,u,T + 1), 

^ fh {h,h) 1 
S{h,u,T) = -,u — , 

\ T ZT T 



follows: if a = ( ^,1 then let 



Also, for any j G C wc will define a right action of F on functions on Y as 
a 6^ 

C 

{f[a]j){h,u,T) = {cT + d)-^f{a{h,u,T)). (6) 

This is a projective action, which is related to the ambiguity in the choice 
of (cr + d)"^ for non-integer j. 

Definition 2.10. Let K G Z+, A G P^. Normalized affine Jack's polyno- 
mial J\^K is defined by 

J\,K = Jx+aS+K Aoi (7) 

^ kjp^p) _ (A + kp,X + kp) 

2[K + kK^) ^' 

where is the dual Coxeter number of 5iN- 
Remark 

S"-' = tr.(,_,,, ($A+«.+XAo p^-^e^-'^) , S' = ip^Sr^ (10) 

where cy is the central charge for the action of the Virasoro algebra on 
L^+Kj^^+^k-i)p- cv = {K+{k- dims[N/{K + kK"). 

Theorem 2.11. Let K G Z>o. Denote 



Vk= ® CJx,K. 



Consider elements of Vk as functions on Y . Then Vk is preserved by the 
action of T with weight j = — 2^K+kh^) ' particular, this means that Vk is 
naturally endowed with a structure of a projective representation ofV. 
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3 Integral formula via Wakimoto representation 

Hereafter we restrict our attention to s[2. 



3.1 Wakimoto representation 

Let us introduce tlic bosonic ghost Pmln (n € ^)) the boson (n € 
and the degree operator Lq by 

2n 2 

[(t>n,4'm] = 5n+m,0, [4'0,Q] = -, 

K K 

[Lo,bn]=nbn (6 = /3,7,^). 
Other combinations are commutative. Currents are defined as 

.^(C) = Q + <^o In C - E V^-", dm = J2 ^nC"-^. 
We define the Fock spaces !Fj,!F^^ ,Tj by 

J^^T = C[^_i,--- ,7o,---]Kc), 

/3„|tiac) =0 (n > 0), 7„|tiac) =0 (n > 0), 

J^^ = C[<^_i---]|2J + l), 
2J 

(/.o|2J + l) = — |2J + 1), (/.„|2J + 1) = (n>0), 
Lo|2J + l) =/ij|2J + l), /tj= ■^(■^+^^ . 

We also use abbreviated notations 2 J^^^/+l = m—m'n, Tm,m' = ■, ^m,v 

Wakimoto representation is given by the following theorem [W2] (See 
also [FF]). 

Theorem 3.1 (Wakimoto representation). Let J,k be complex numbers 
with K ^ 2,0. Then the following (tt^, J^j) gives a level k — 2 representation 
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of sl2 on the Fock space Tj: 

^4^(0) = E^-(^N)r"-' = /?(c), 

MHO) = ^vr,(/iN)r"-' = -2 : 7(0/3(0 : +1^0^, 

vr.(/(0) = ^-(^N) C~"-' = - : 7(0'/3(0 : + : MOdHO : +(« " 2)^7(0, 
7r«;((i) = Lo 

where : : denotes the normal ordering. This representation is isomorphic 
to the Verma module with highest weight Aj = {k — 2 — 2 J) Aq + 2 JAi — hj6. 

We define the screening current S{Q by 

5(0 = m : e-^K) : 

The screening charge Qn can be defined as a map Qn ■ ^m,m' ^ ^m-2n,m' 
when n = m mod p by 



„ n 

Qn= lldC,S{^i)---SiCn). 



and commutes with SI2: [Qm^;] = (x G sl2)- The contour C is given in 
Figure 1. 




Figure 1: The contour C for k = 4. 



To reahze a irreducible representation with a dominant integral highest 
weight, we use the following theorem due to [BeFe]. 

Theorem 3.2 (BRST/BGG-resolution). If the level is rational 

1^ = V1/P2 
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where pi,P2 o-re coprimes, then for 1 < n < pi — 1, < n' < p2 ~ 1 the 
following sequence is exact 



And its zero-th cohomology group is isomorphic to the irreducible highest 
weight representation 

jji _ J -^n.n'i i = 0, 

"1 0, i / 0. 



Let us consider bosonic counter part of the intertwiner $ of (4). This 
operator is called vertex operator and denoted by It satisfies 

(x (g) 1 + 1 (8) x) $(C) = i(C) a; (xesla), 

and given by 

2(fc-l) 

$(0= 5Z #„(C)®tin, 

n=0 

In the above we took basis of U{Q as 

2(k-l) 
n=0 



3.2 Integral Formula 

Prom now on we consider representations which satisfy the conditions 

2J + 1 = m G Z, m' = 0, P2 = 1, 
K = Pie Z>o 

and abbreviate notations as J-'m = ^m,m'=Q^ Lim = -^m,m'=o- 
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Proposition 3.3. We can naturally consider $(C) ds an intertwiner for a 
irreducible highest weight representation: 

Then the trace function J-m{z\T) defined as 
is given by 

J.m{z) = I^m{z\T) - C-^^'"^ Im{z\T) , (12) 

-j^ 1 ^ 2 
I-m{z\T) = ^^^^2z) J n ^-"'■''("^^ + T^F{'>^ir-- ,Vk-i;z\T), 

(13) 

k-l k~l 

F{vi,--- ,Vk-i;z\T) = II E{-Vjr'-^ Yl E{v,-vj,)-^ xllG{vj;z\T) 

j=l l<j<j'<k-l j=l 

E(v) - 2^z^^(") G(vz\r) - ^i^^^Mv + 2z) 

k-l 

iGZ+I^ 3=1 

The contour is the result of the change of variables: = e^™^ and depicted 
in Figure 2. The definition of i?i(v) = •Q\{v\t^ is given in Appendix A. 
Differentiation of '^[{O) is taken w.r.t v. 




Figure 2: The contour for fc = 4. 
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Proof. Step 1: We have 



tr^„ (Vk-i{C)S{^i)S{i2) ■ ■ ■ 5(6-1)/° e2--M0]) 



X 



k-l 



n - ^,-)-^ n ^(^^- - ^i')^ X - 1)! n 



r,z\T) 



l<j<j'<k-l 



where = e^^^'^^ C = e^''^^. 
S'iep 2: Set 

S(C;z|r) = ^fc_l(C) pLo-c/24^2nizh[0]^ 

E2i{C;z\t) = E{C;z\t), Sa_i(C;^|r) = e'^- 
Then the following diagram is commutative 



J'2K-m — 







m(fc-l) 



s(C;^|r) 



J'2K-m -^m ^ J'- 



Hence 



trL^ (s(C; ^|r)) = ^ tr^^_2(, (sa(C; ^k)) - XI t^^-m-2i. (sa-i(C; ^k)) . 



□ 



Let K = is: + e Z>o, A = (Z - fc)Ai. 

Theorem 3.4 (Integral formula for Jj^). 

J-m{z\T) 



1 



(m|%_i(l)|m)5'fe-i 
where J-m{z\T) is given by Prop. 3. 3 and 

,. k-l k-l 

(mi^fe_i(i)im) = / n n ^3 " (1 - 0)"—"' n - ^. 

7=1 7 l<7<7'<fc-l 



(14) 



(15) 
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4 Modular transformation 



We study modular transformation property of J-miz\T) using the technique 
proposed in [FeSi]. 

To simpHfy calculations we introduce and 



fc-i 



„l k—s—l 



where 

j=k—s J— 1 

Note that j-m{z\T) = e'^»'"('=-i)/« J_^{z\t). 



4.1 S transformation 



Lemma 4.1. 



TT 



2sin -/ i^l\{z\T) 



IT 



2sin(^-/) j!:](z|r) 



:jLTj(.|r)-,ir-l(.|r). 



Proof. The lemma follows from 

(1 _ e¥{-0) jW(^l^) = /L7i](z|r) - e^(-'=)/i7j(z|T). 
Consider contours for Ufc-^ given in Figure 3, 4 and 5. 





(16) 




Figure 3: The contours 7 and 7'. Figure 4: The contours 72 and 72. 
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Figure 5: The contours 73 and 73. 



Contours for /_|(z|r) is as follows. The variable Vk-s is on 7. The 
contours vj {k — s + 1 < j < k — 1) are between [0, r] and 7 from right to 
left. The contours of Vj {1 < j < k — s — 1) are between [0, 1] and 7' from 
bottom to top. 



We deform the contour of v^-s in I_iiz\T) as 



J II dvj J dvk-s^-i,.[-2z + ^V\T^F{--- , 



Vk- 



; z T 



j^k-s 



\{dvj[j +j -J jdvk.s^-i,n[-2z + =^V 



X F{--- ,vk-sr-- -^zIt) (17) 



Then by carefully studying crossing of contours, we can show 



J n dvj j^dvk_s^-i,K{-2z + ^{V + l)\T)F{ 



j^k-s 



Vk-s + !,••• ;z\t) 



e-¥(--i) 



i / 2 
-i}-iJ-2z+-V 

V K 



X e 



F{--- ,Vk-s,--- ■,z\tj, 
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and 



J Yi dvj J dvk-s-&-i,K{-'^z + ^V T^F{--- ,Vk-s,--- •,z\t) 

/ n dvj J_dvk-s^-i,K[-'^z + ^{V + t) t^F{--- ,Vk-s + T,--- ■,z\t) 
I n rf.,//^^fe-.e-^-^e-2-(-2^+^^)^_,+2,«(-2z+^F|r) 



j^k-s 



= e « 



(k-s) 



xe^(2^+-i)e-^--F(...,^,_„...;.|r). 

Throughout this calculation contours of vj (j ^ k — ,s) remain the same as 
in I^^\{z\t). Plugging in these equations to (17), we obtain (16). □ 

Lemma 4.2. 

'z\ 1^ 



i-m \ — I )=ze2 »c r K e r 



2f^ l 



2k 



=0 

2k-1 



,ri (fc-l)(K-fc) (fc-l)fc „ . K_2 2 1 v-^ 

z e 2 ^ T « e ^ ^= > 



Proof. Transformation of theta functions under the action of S is given by 



(- --)=-./^e>V,(.|r), 



^'1 



i) =r-ie>'£;(-i;|T) 



r r 



1 



1? 



T A^Kji. 1 



2k- 1 



v2k t:;^ 



Here the branch of y/rji is \jTji = 1 for r = 1 Hence from (13), with the 
change of a variable Vj 1— > Vjjr., we obtain 



^ 2k-1 
/=0 



IT e T 



e-^™'/iV'l(z|r) 
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where 

(fc-l)fc 2(fc-l) 
7" K ^ 7" K 




2(fc-l) _ 2 

and T « , T « are of certain branches. 

For i_m(2:|r), we use i_m+2K(2|T) = i-miz\T). □ 

Prom these lemmas, this proposition follows. 
Proposition 4.3. 

2re-l 



J- 



(18) 





^-—ml 

e 1^ , 


■^m,l — 




Sm-i,l (^sin^^m)) 




1,2k-1 = 





To rewrite the sum in the R.H.S. of (18) as a sum over A G P^, we need 
one more proposition. 

Proposition 4.4. 

(1) Fusion rule: 

j[f|^(z|r) =0 for <m < {k - 1) - s, 
j%-m) = f'"' 0<m<{k-l)-s. 

(2) S^Mr) = -jilm(^k)- 

Proof. (1) We prove an equivalent statements: 

i[fl^(z|r) = zW(z|r) for < m < (A; - 1) - s, (19) 
i^!^,.m{Ar)=i^%+m{Ar) for Q<m<{k-\)-s (20) 

by induction, 
(i) Z = trivial. 



104 



Affine analogue of Jack's 



(ii) I = 1 Set Z = in Lemma 4.1. 

(iii) Suppose the statement is true for / < m, then 

i[!;;j+i(^|r) -i[!~^ii(z|r) 
= 2sin^— i[!l„(2;|T) 

= 2sin^— ^ml-^k) 

= -&\r)+t--'liz\r) 

the first and third equahty is vahd for 1 < s < A; — 1. Hence 

i^ZiMr) - t;nU^\r) = for 1 < . < (fc - 1) - m. 
Combining this with 

t-i(^k) = for l<s<{k-l)-m, 

we get 

i^-U^\r) = i^S^\r) < s < {k - 1) - m. 

which is equivalent to (19). A similar argument with I = k instead of in 

Lemma 4.1 gives (20). 

(2) 

•[s] / I \ -M ^' I ~\ _ -W f I ~\ 

□ 



Prom Proposition 4.3 and 4.4, we obtain the main statement of this 
subsection. 
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Proposition 4.5. 



: (fc-l)(«-fc) (fc-l)fc 27riii^^2 2 ^„,„ . , I , 

l=k 



S{K, k) = U{K, k)A{K, 1)A{K, 2) • • • A{K, k-1), 

( s{k) s{2k) s{k{K-l)) \ 

s{k + l) ■■• s{{k + 



U{K, k) 



(21) 
(22) 

(23) 



\s{K-k) s{{k - k){K - 1))J 





A{K,l) 



-s(/ + l)-i 

s{l + 2)-^ 

s(l + 3)-i 



V 



where s{k) = sin(7rfc/K). 



-s{k-1-2)-^ 


s{k-1)-^ J 



(24) 



Example 1 k = 1: S{K,1) = U{K,1) recovers the known result for the 
character. 

Example 2 p = 2k: Using 

S{2k,k) = i-l)''-^Vk, 

we can be show that behavior of j_^(2;|r) and S under the action of T 
are the same. 



It is known that elements of the matrix for S'-transformation are related 
to special values of Macdonald's polynomial [Ki] [FSVl]. Here we give explicit 
expression for this interesting connection. 

We adopt the definition and notation for Macdonald's polynomial P\(x; q, t) 
in [M2]. Special values we consider is denoted by Pi^\m) and defined as 
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follows: 

P['\m) = PiK,{xi = q-^,X2 = q"';q'',q^% q = e^/^. (25) 
Proposition 4.6. 



S{K,k) = i-2) 



k-l 



V 



U-Zls{k + i-j) 



U.j=i siii - k - j) J 



(26) 



fPl,'\k) Pl,'\k + 1) ... Pt\K-k)\ 

pf)(A:) 



(s{k) 



s{k + l) 



s{k — k)j 



Before giving proof we prepare two lemmas. Set 



S{K, k) 



(fc) \ 

k^K k 



a 



(fc) 

k+l,k 



Lemma 4.7. 



cr, 



(k) 
\ K kjk 



(fe) _ "n,m+l 



K k^K k / 



n.m— 1 



2s(m + l) 2s(m-l)' 



Proof. Use 



S{K,k-l)A{K,k- 1) 



* \ 



S{K,k + l) 



\ * 



Lemma 4.8. 



Pit\x + 1) - P«(x - 1) =As{-n)s{x)p'^:^,^\x). 



□ 
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Proof. Theorem 4.1 of [FSVl]. □ 
Proof. We prove by induction 

fc-i 

4% = n 4-n + j) X Pi%{m). 

L.H.S = s(nm) = s(m)^^^ = s(m)p!,^}jm) = R.H.S. 

s(m) / n iv 

Step of induction: 

(k-i) (k-i) 

(fc) n,m+l n.rri— 1 

"^"'"^ ~ 2s(m + l) " 2s(m - 1) 

= 2'=-3 n K-n + i) X (Pf (m + 1) - Pf_-;^,) (m - 1)) 
fc-i 

= 2''-h{m) Yl s{-n + j) X Pl^\{m). 

□ 

4.2 T transformation 
Proposition 4.9. 

j-m{z\T + 1) =e"Klr-3) j_^(2|r) 

Proof. Use 

T?i(i;|r + 1) = e^^/^7?i(t;|r), 
^?m,«(^^|r + 1) = e^* 2. i?„,^(i;|r). 

□ 
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4.3 AfRne Jack's polynomials 

We rewrite the integral formula (14) (15) using ^-^(^It): 
Jx,K{h,u,T) = e2-('^-2*^)"JA,K(/i,r), 

Jx,K{h,r)=gi,K,k^-j^, (27) 

g— 7rji(fc— 

where A = (/ — k)Ai. From (15), if we take branches of the integrand 
appropriately, the factor gm,K,k is given by the following formula: 

k-2 



= e"('-')<H.)(2,)'-> n sin (,( " + " + l)) (29) 



where 



» n 

7=1 0<j<fe<n 



(30) 



_ 1 " ^ r(i + (i + j)7)r(a + i7)r(/? + j7) 

ri!|^^ r(l + 7)r(a + /3 + (n + j-l)7) ^ ^ 

and A„ = {t G I < < • • • < ti < 1}. 

We consider (15) as analytic continuation of parameters m, k, k from the 
region where each curve of the contour C can be deformed to [0, 1] + [1,0] 
and related to A„. Completely rigorous treatment of this subject using the 

cohomology with coefficients in local systems is beyond the scope of this 
paper. Let us consider k = 2 case as an example. In this case we consider 



/ 



for arbitrary a, (3 as analytic continuation from a, [3 > 0. If we take the 
Pochammer loop as the contour, it can be shrunk around ^ = 1 since /3 > 
and gives the double of C. 

Now we can state our main result about modular transformation of the 
affine Jack's polynomials. 
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Theorem 4.10. 

(1) Jx,k{z,u,t + 1) = e'^'^'^^'r^ Jx,k{z,u,t), 

(2) Define S^{K,k)rn,i by 

1 



Jij.,k(^^,u- = ^ S'^{K,k)m,i Jx,k{z,u,t) 



T T > 

AeP+ 



where A = (Z — A;)Ai, fx = (m — k)Ai. Then 

S\K,k) = (-1)^-1 e^('=-^)^T-('=-i)i^^ {GS{K,k)G-^) , 



Gm,l — 9m,K,k ^m,l ■ 

The point is that wc can give an exphcit expression for matrix elements: 
{GS{K,k)G-^)^^^ = ^-^S{K,k)m,i 
where S{K, k) m,i is given in Proposition 4.5 or 4.6 and 



K+k- J 



n r(f)r 

gm,K,k _ j=m+l-k 



K J \ K 



9m+n,K,k ^-^ ^ j' \ ^ ^ X + k — Ul — f 



K J \ K 



(32) 



j'=0 

for n e N. 

Proof. (1) Proposition 4.9. 

(2) Based on Proposition 4.5 and 4.6. Note EAeP+ = Y!l=k ■ 

About the choice of a branch in the calculation, we note the following: 
Since 5' = i??(2z|r) 

(is)ei-i) 

From the fact at ivT = 0: 
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we have 




) 



fc-i 



(-1) 



k — 1 7vi k — 1 



Taking the factor e^'^'^'* ^'^^^ into account, we obtain the formula. 



□ 



4.4 Relation to [FSVl] 



Let us make some comments on the relation between the results of [FSVl] 
and ours. We represent the objects of [FSVl] with the quotation marks ' '. 

In [FSVl] they studied holomorphic solutions of the KZB-heat equation 
with certain properties which are called conformal blocks. A set of solutions 
'Mn'(A,r)' are given in terms of elliptic Sclbcrg type integrals. These were 
obtained in [FV] from geometrical point of view. It is shown that the so- 
lutions 'un\x,Ty form a basis of the space of conformal blocks which are 
invariant under the action of SL{2,Z). And the projective action of the 
modular group with respect to this basis is computed and the relation to 
special values of Macdonald's polynomials is studied. 

These results are completely parallel to ours obtained from representation 
theoretical viewpoint. Details of the correspondence are as follows. For 
parameters and arguments, we have 'k' = n, 'r' = t, ^p' = k — 1, 'A' = 
—2z. The KZB-heat equation is the eigenvalue problem for the operator 
Lk of (1) instead of M^. For fixed k/p\ the space of conformal blocks 
and its basis '{ttn^(A, r)|p + l<n<K — p — 1}^ correspond to the space 
of Vl^-symmetric thcta functions and its basis {Ja,x|A G Pr}- '^^^ 
correspondence is in some sense the most apparent at the level of integrals: 
'<^K^n(A,r)' corresponds to /^|(z|r) with 'A;' = — s — 1, 'n' = I. 

As for the action of 5L(2,Z), the projective action on the space of con- 
formal blocks is equivalent to the action described is Theorem 4.10. The 
transition matrices are concretely given in Prop. 6.2 of [FSVl]. (But in the 
paper [Ki], on which the calculation of Prop. 6. 2 is based, the normalization 
of affine Jack's polynomials are not rigorously considered due to the limit of 
the technique. Hence the formulas in Prop. 6.2 needs some corrections.) 
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5 AfRne Jack's polynomials in terms of modular 
and elliptic functions 

It seems very difficult to perform integrals in the integral formula in Theorem 
3.4 since J-m{z\T) is given by multi-integral of multivalued function. But 
when the level K is small, we can use modular transformation property to 
write down Jx^k in terms of modular and elliptic functions. 

5.1 AfRne Jack's polynomials in terms of modular and ellip- 
tic functions 

The main result of this section is the following theorem which gives Jx^k 
in terms of characters of 5 [2. Together with the integral formula given in 
Section 3, this gives some formulas for elliptic Selberg type integral. The 
proof is given in the subsequent subsections. 



Theorem 5.1. Let xj^(2;,u,r) = tr^,. f e^'^^^'^l^l 



be the nor- 



malized character of L\ 



(1) Level one: 



Jo,i{z,u,t) = r]{T) 
JAi,ii^^u,T) =r]{T) 




(33) 
(34) 



Here r]{T) 



p24 n^^ol-*- ~P^) Dedekind's rj-function. 



(2) Level two: 



Jo,2{z,u,t) = 



X2A0 {z, u, t) + X2A1 {z, u, t) X2A0 {z, u, t) - X2A1 {z, u, t) 
2/ii(r) 2/i2(r) 

(35) 




fc — 1 

XAo+Ai{z,u,t) 



(36) 



V2J hsir) 



J2M,2{^^U,t) 



X2Ao{z,U,t) +X2Ai{z,U,t) 

2^1 (t) 



X2Ao{z,u,t) - X2Ai{z,u,t) 
2/i2(r) 

(37) 
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where 



hl{T) = 



r/(r/2)r/(2r)^^^ 
t]{t) 



, h2{T) = 



r]{T 



9 X — 

1^ \ fe+1 



r?(r/2) 



( 1 r^{r) 
VV2^?(2r 
(38) 



9N — 



Corollary 5.2. 



S''{2,k) = (e-T 



El 1 



1 V2 '=+1 



t1+ 




fc-i 



V 1 -V2 



1+ 



1 \ 

1 fc-i 

-V2 '=+1 

1 y 



(39) 



• (40) 



The matrix S"^ {l,k) can be easily calculated from theorems is Section 4. 
The point is the expression of S"^ {2, k) which reveals its nice A; dependence. 
Wc tried to find this kind of simple k dependence for if = 3, 4 by numerical 
calculation but failed. 



5.2 S{K,k) 
Define Jx,k{z,u,t) by 



JAx(2,i^,r) = e2-(«-2*=)-^^^, 
Jx,K = gi,K,k Jx,K, 



then 

4i^(-,«--,--)=(-l)^-^e^Mir-Mi^ Y: S{K,kU,J\K{z,u,r) 



J2 S\K,k)m,lJx ,k{z,u,t) 



\eP+ 



The S{K, 1) = S'^(K, 1) = S'^{K, 1) is the matrix of S-transformation for 
the characters of affine Lie algebra and has nice symmetry [Ka][Wl]. Below 
we show the expressions of S{K, k) for some lower K which reflect this 
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symmetry: 

5(0,fc) = (-l)'=-i 



b' 



S(2,fc) = (-l)'=-i 



1 l/s{k) 
2s{k) 
1 -l/s(fc) 



Mk) I , 



S(3,fc) = (-1) 



fc-i 



2 V 1 + 



/I c/ 1 \ 

6' 1 -1 -b' 

b' -1 -1 b' 

\l -c' c/ -1/ 



s(3) 





(a" 


c" 


c" 


a"\ 




b" 


a" 


-a" 


-b" 


4(a"2 + b"c") 


b" 


-a" 


-a" 


b" 




\a" 


-d' 


c" 


-a") 



s{k + l) 



s(l), b" = s{2k), d' = s{k + l) 



.sill 

s{ky 



S{A,k) = i-l) 



s{4) 



8^2 



/Id g d l\ 

be Q -e -b 

c -2 c 

6 -e e -b 

\l -d g -d I J 



s{iy 



^ s{k + l) s{2) 
d= — — , e=^TT, g 



s{k) ' 



.(1)' 



s{ky 



S{k+l)s{k) (fc) 

s{l)s{2) ^2 



(l + (/2)(l-(; 



(l_g2(fc+l)) • 

For = 4, we also have gc+2 = 2bd = 2e^ which imphes c = 2s{k) ^ (^fjjy) — 1^ • 
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In the rest of this subsection we demonstrate a way to calculate these 
S{K, k) iov K = 2 case. 

Step 1 : Prom Proposition 4.5 we can identify matrix elements to some 
extent: 



3(2, k) 



a 


c 


a 


b 





-b 


a 


— c 


a 



Step 2 : From Proposition 4.6, we have 

5(2, fc)= (-2)^-1 n^(j) ' 



s(fc)g(fc+l) , 
^(1)^(2) / 



\Pt\k) Pf\k-r\) PP{k + 2)^ 



i=i 



1 - 



where we used 



Pf^(0 =2cos (^-TT^ 



Step 3 : We consider the constraint 



To / ■^'^ \ 2 — 

{S ) X ( e~^r] " = (phase factor) x id 



/I 



^(fc+i) 



(41) 



which originates from the relation = 1 in P. Since we are dealing with a 
projective representation of P, there can be a phase factor. 



Prom 



/ 1 



1 \ 



1 

s{k) 

s(2) s{2) 



1 - 



1 



1 



oc id. 



have 



"5W 

2. This with (41) imphes 

2 



- I (-2)^^-1 n 1 x4 = ±l- 
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But clearly the R.H.S is +1 and 



7 = 1 * 



5.3 Jx,K from Jx,K 

Here we show how to obtain J\^k, taking K = 2 as an example. 
Step 1 : Find S-^{K,k): See Subsection 5.2. 

Step 2 : Guess the transition matrix from its modular transformation: 

Set aij(T) by 

X2Ao \ /ao,o ao,2\ / Jq.k \ 

XAo+Ai = ^1,1 Jx^K ■ 

X2Ai / V«2,0 02,2/ \J2Ki.k) 

Prom modular transformation of xaj <7\,if) we have 

aO,0 = ^2,2, a0,2 = 02,0; 

ao,o(r + l) = e'"'wSfT) ao,o(r), 

9fc+7 

a2,o(r + l) = e'"'«('=+i) a2,o(r), 
ai,i(T + 1) = ai,i(T), 

2 2 2x/2s(fc) \ /ao,o(r)\ 

2 2 -2V2s(A:) a2,o(r) 

2V2/s{k) -2V2/s{k) y 

To find aij (r) , introduce hi (r) by the base change 



/ao,o(-l/r)\ , fc-i / 

Vai,i(-l/r)/ V 



/i2(r) 
V^3(r)y 



/II \ /ao,o(r)\ 
= 1-1 a2,o(T) , 

VO V2s(A;)y Vai.iWy 
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then 



h2{-l/T) 
M{-l/r), 

/12(t + 1) I = g-'"-i6(fe+l) Q Q 

,/i3(T + l)/ \ 1, 

This transformation formulas looks similar to those of the Virasoro character 
appear in c = 1/2 conformal field theory. Prom these we can guess the form 
of hi as given in Theorem 5.1. 

Step 3 : Construct J\^k with the hypothetical transition matrix obtained in 
the last step: 




0,2 



J. 



2Ai,2 



QO,OX2Ao - Q2,0X2Ai 
"0,0 "2,0 

X2Ao + X2Ai X2Ao - X2Ai 

2hi 2h2 

~Q2,OX2Ao — fl0,0X2Ai 
^0,0 ~ ^2,0 

X2Ao + X2Ai X2Ao - X2Ai 



'^Ai,2 - 



2hi 
XAo+Ai 
"1,1 

V2s{k) 



2ho 



-XAo+Ai 



After normalization we obtain candidates for Jx^k- 

Jo,2 = •^0,2, 



J. 



J. 



2Ai,2' 

fc-i 

1 A XAo+Ai 



2Ai,2 

Step 4 '■ Check the defining relations for the J\,k^s: 
Define a transition matrix h\^^{T) by 

J\,k{z,U,t) = ^ bx,f,{T)XtJ.,K{z,U,T). 
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We rewrite the defining condition (2) of Definition 2.6 as a first order differ- 
ential equation for hx^^{T) 

Y,{k-l) 6a,m ^X^.,K + m + fc^^) (p5p6a,m) X^^,K = 0, (42) 

^ = ^^^^ 
Using the following lemma, we can check that this equation is satisfied by 
h\^^ given in Theorem 5.1. 

Lemma 5.3. 

Xa„+a,(2,«,t) = e'"~*2(22|T)2M, (44) 

^»ll±^=4pa,l„5|l£, (45) 

XAo+Ai r?(2T) 

X2Ao(^,^,t) - X2kAz,u,t) = e4--^o(2^|T)^^^, (46) 



A(X2Ao-X2aJ ^^^ ^^^^ 

X2Ao - X2Ai 

X2Ao(^,^,t) +X2Ai(2;,u,r) = e^-«7?3(2^|T)— ^1^, (48) 

?7(r/2)?7(2r) 

= 4pa, In !ZilZ^. (49) 

X2Ao + X2Ai riij) 

Proof. Let 

«gZ+n/2m 

= e2~i?„,^(z|T). (51) 
See Appendix A for ■di{v\T) {i = 0, 1, 2, 3). 

For (44) 

■n(j) 

For (46) 

(ei,4 - e_i,4 - (63,4 - e_3,4)) (^, u, r) = ze«'^^"^i(^|r/2) 

= ze«"^«^?i(z|T)^?o(^|T)^^^. 
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For (48) 

(ei,4 - e_i,4 + 63,4 - 6.3,4) (z, u,T + l) 

= e^^'i^ (ei,4 - e_i,4 - 63,4 + e_3,4) u, r) 

□ 

The defining condition (1) of Definition 2.6 can be easily checked. This 
completes the procedure to find J\ k for K = 2. 

Remark For the case of level one, the equation (42) reduces to 



XAi 



= 2pdp\nri{T). 



Remark It is possible to find b^./i by solving (42) for level one and two. In 
fact this is done in [FSV2] and some more result is obtained. 

As byproducts, we have this lemma. 
Lemma 5.4. 

^Igf ^ V2'+fe^.(A;) = 1, 

(2) gm,K,k = gp-m,K,k- 

Direct proof is also available from (29). 

A Theta functions 

Here we summarize the definition of theta functions ??i(t;|r) {i = 0, 1, 2, 3). 

i}i{v\t) = j^(_i)"e^'^^('*-i)'e^'^^(2n-i)^ 
nez 
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